In this paper we propose a method to remesh non-manifold surfaces with triangles as equilateral as possible. We adapt an existing Voronoi based remeshing framework to recover the topology of non-manifold surfaces and their boundaries. The input of the procedure is a non-manifold triangulated surface constituted of several connected components representing geological interfaces (faults, horizons, detachments, etc). Positions of a given number of points are globally optimized to obtain an isotropic sampling of the surface. Then a topological control that enforces the topological ball property adds points to recover non-manifold edges and vertices. The method is demonstrated on a complex 3D fault model and clears the path for generating several models with varying resolution under topological control.
Introduction
Triangulated surfaces are commonly used to represent underground structures in a flexible and compact way. In geological modeling, they usually stand for structural and stratigraphic discontinuities such as faults, horizons, erosion surfaces, etc and permit to generate and visualize the geometry of an area. The resolution of the mesh should be adapted to the level of detail needed for the purpose at hand (Caumon et al, 2009 ) and its quality (ideally all triangles are equilateral) is an essential point to ensure stability and efficiency of numerical codes and volumetric meshing algorithms. For instance, 3D restoration of geological structures relies on an explicit representation of fault networks to allow for fault sliding (e.g., see Mello et al, 1997; Durand-Riard et al, 2010) ; choosing the appropriate resolution, and possibly making controlled simplifications of the structural framework has an impact on the feasibility of 3D restoration. This observation also holds for other applications of 3D structural modeling such as reservoir flow simulation. Remeshing, i.e. improvement of mesh quality and adaptation of the number of points, is therefore a strategic functionality for geomodeling. Even if several remeshing methods have been proposed (see Botsch et al, 2010 and references therein), obtaining a valid, well meshed model can be a time consuming step when dealing with structurally complex areas.
In this paper, we are interested in variational remeshing methods that can efficiently generate isotropic meshes for surfaces (Lévy and Liu, 2010 , Yan et al, 2009 , Valette et al, 2008 , Alliez et al, 2005 . Those methods optimize an objective function (also called energy) of the coordinates of the points sampling the input (the vertices of the result mesh). As compared to global point insertion strategies which tend to over-refine the mesh in highly detailed areas, this type of approach makes it possible to choose the desired level of detail in the final mesh. To our knowledge these methods have never been applied to non-manifold surfaces and a special processing is needed to ensure that the topology of the result surface is not modified. We propose to adapt a recent CVT based remeshing framework introduced by Yan et al. (2009) and improved by Lévy and Liu (2010) (Section 2). The final mesh extraction procedure is modified to recover nonmanifold features (Section 3). The applicability of the method to generate several valid versions of the same model at various resolutions is demonstrated on a fault network (Section 4).
Isotropic remeshing framework

Basics
We begin with definitions of the Voronoi related notions that characterize the sampling of a given domain by a set of points and are the key ingredients of isotropic remeshing frameworks.
The Voronoi diagram of a point set in d is the set of the Voronoi cells of the points of (Figure 1-left) . The Voronoi cell of a point ∈ is ∈ d ‖ ‖ ‖ ‖, ∈ , where ||. || is the Euclidean distance. The Delaunay triangulation of a point set in 
Sampling validity
If the RDT of a point set to a surface is homeomorphic to this surface, it is a valid triangulation of this surface. This notion is linked to the validity of the sampling of the surface. Building a mesh that captures the geometry of a given surface means to sample it with a sufficient number of well-placed points. The fewer points, the more difficult it is to place them on the surface. Two main theorems give sufficient conditions to ensure that the RDT of a set of points S is homeomorphic to an input surface:
 Topological Ball Property (Edelsbrunner and Shah, 1997) : if all the restricted Voronoi cells/ edges/ points of S to a manifold surface are topological disks/ segments/ points and if their intersections with the boundary of the surface are topological segments/ points/ empty space, then the RDT is homeomorphic to the surface.  -sampling theory (Amenta and Bern, 1999) : if for each point p of the surface X there is a sample of S at a distance smaller than , where 0.3 and denotes the local feature size (distance to the medial axis of X) then the RVD of the point set satisfies the topological ball property and the RDT is homeomorphic to the surface.
In the context of surface reconstruction, the topological ball property cannot be directly checked since the surface is unknown and the RVD is not available in explicit form. But for remeshing purposes, the topological conditions on the RVD can be checked and its violations may be used to drive point insertions (Cheng et al, 2009 , Yan et al, 2009 ). This leads to a suboptimal high density of points in low angle contact zones. In this paper, we propose a method to add a minimum number of points to recover the topology of a known input surface (Section 3).
Sampling optimization
When each point of a Voronoi diagram is located at the centroid of its Voronoi cell it is called a Centroidal Voronoi Diagram (CVD). The density of points of a CVD is uniform, the Voronoi cells are compact and the triangles of the dual Delaunay triangulation are as equilateral as possible (Figure 3) . Du et al. (1999) show that CVD can be equivalently defined as a critical point of the objective function: For given initial point positions, iterative minimization of the CVT energy permits to get an isotropic sampling of the domain. The most intuitive way to perform this optimization is Lloyd's algorithm that iteratively moves each point to the centroid of its Voronoi cell. If this final sampling of the domain is valid, the RDT provides a triangulation with good properties (Figures 2-right and 3).
Lévy and Liu (2010) define the LpCVT objective function that generalizes the CVT energy and can be used to automatically recover sharp features in surface remeshing:
, where is a metric tensor at location y. There are three main differences with the classical CVT energy: 1) the integration is done on the RVD (if the considered space X is a surface); 2) the norm is used; 3) an anisotropy matrix modifies the distance. For p=2 and the energy is equal to the energy restricted to a surface. A normal anisotropy matrix defined on each facet f of the initial surface such as 1 , where is the normal to facet f and s the importance of the normal anisotropy, permits to recover sharp features. Lévy and Liu (2010) give an evaluation of and of its gradient in closed form and use of a BFGS algorithm to minimize the energy. The LpCVT remeshing framework that optimizes the position of a given number of points by minimizing the objective function and computes the RDT of the optimized points to the input surface has five main advantages for 3D structural model remeshing:
 The number of points is globally determined for the model.  The method is resistant to degeneracies of the input surface (bad-shaped triangles).  The output mesh is isotropic and the generated triangles are as equilateral as possible.  The output mesh is conformal (the discretization of surfaces in contact along a line is the same) without pre-tagging sharp features (Figure 4c ).
However its application on a non-manifold surface with boundaries (3D structural model) shows three main limitations (Figure 4 ):
 The boundaries of the surface are shrunk because the stable position for points close to the boundary is not on the boundary (Figure 4d ).  The recovery of low-angle sharp features is hazardous (Figure 4e ).  The topology of non-manifold surfaces is not recovered (Figure 4e ).
Topology control for non-manifold features recovery
Principle
Once the points have been optimized, the output RDT mesh is extracted as the dual of the RVD: for each RVC a point is added to the output. We propose to modify this procedure by adding and properly connecting points to recover non-manifold features. A non-manifold surface is constituted of several surface components with boundary that are in contact along radial edges whose common intersections are radial nodes (corners). The boundary lines that are not included in the contacts are called free boundaries. Recovering the topology means recovering the boundaries and the non-manifold features.
Our idea is based on the procedure applied by Lévy and Liu (2010) to recover the different intersection components when remeshing closed manifold surfaces ( Figure 5 ). For each RVC violating the Topological Ball Property, they consider its n connected components (ccRVC) as independent cells and compute the dual of the defined partition. This way one point is added for each connected component of the RVC. This simple strategy (1 point for each 2-dimensional intersection component) can be transposed to process another violation of the Topological Ball Property: when a ccRVC intersects m times the boundary of the surface, m points are inserted (1 point for each 1-dimensional intersection component). To recover the corners we also apply this strategy at the point dimension (1 point for each corner). Note that we do not consider configurations where the ccRVC is not a topological disk (e.g. cylinder, ring) since this is unlikely in a geological context. 
Mesh computation
The two steps of the mesh computation are the determination of the points necessary to capture the topology of the input surface ( Figure 5 ) and the creation of triangles connecting these points ( Figure 6 ).
Point computation -Inputs of the procedure are the optimized point set and the initial surface on which the contacts (radial edges) and corners are tagged, the algorithm can be written as: Triangle creation -We use the topological information computed during the previous step to connect the points. Building the dual of the components to which only one point is associated is the same than building their dual RDT elements: to each restricted Voronoi vertex shared by three ccRVC is associated with one triangle linking the corresponding points ( Figure 6 ). However, when several points are added for a single ccRVC the triangles cannot be determined from the restricted Voronoi vertices. We use the neighborhood of the ccRVC to determine a list of polygons that are triangulated afterwards ( Figure 6 ).
Inputs for the polygon computation algorithm are the RVD, its RVCs, ccRVCs, their contours and associated points, the output is a list of polygons. The contour of one ccRVC is an oriented closed line, divided into connected components (segments) that are (cc_boundary) or not (cc_interior) on the surface boundary. To each cc_boundary were associated by the point computation step a set of points. The algorithm for triangle creation is:
 For all the ccRVCs o For all cc_interior components  Create a polygon  Add to the polygon the point on the cc_boundary preceding the current cc_interior  For all the neighboring ccRVC  If the neighbor has one point, add the point to the polygon  Else, add the point preceding the cc_interior and the point following it.  Add to the polygon the point on the cc_boundary following the current cc_interior  Add the polygon o If more than three points are associated to the ccRVC  Add a polygon containing all the points  Filter redundant polygons  Triangulate the polygons 
Results and perspectives
Isotropic remeshing with LpCVT is demonstrated on a fault network with low-angle intersections and partial contacts. The input surface components, their contacts and the corners are recovered ( Figure 8 ). In areas where the Topological Ball property is met by the LpCVT points, the triangles of the output surface are as equilateral as possible. When the number of points is not sufficient to sample non-manifold surface features, the displacement of the vertices to the free boundaries/contacts/corners and the addition of new vertices damage output triangle quality. Basic improvement of the mesh may then be performed without topological modification (mercedes removal, low angle triangle filtering, etc). Note that the configurations leading to bad shaped triangles can be detected when processing the RVD facets by analyzing their geometry therefore, the position of the added points and their triangulation could be improved, e,g, by moving points to extreme positions on the border instead of centroids to limit chamfering effects. 
